Abstract. Conventional wisdom in baseball circles holds that a seven-game playoff series is fairer than a five-game series. In an earlier paper, E. Lee May, Jr. showed that, treating each game as an independent event, a seven-game series is not significantly fairer. In this paper, we take a different approach, taking homefield advantage into account. That is, we consider a given series to consist of two disjoint sets of independent events-the home games and the road games. We will take the probability of winning a given road game to be different from the probability of winning a given home game. Our analysis again shows that a seven-game series is not significantly fairer.
Introduction
It is often said in baseball that a seven-game playoff series is fairer than a five-game series. The argument is that, in a five-game series, the team without home-field advantage need only win its two home games, and take just one out of three on the road, in order to win the series. On the other hand, to win a seven-game series, the team would have to either win all three home games and one of four on the road, or win at least two out of four on the road.
Analyzing this question is a useful exercise in mathematical modeling and probability. In [1] , E. Lee May, Jr. showed that a seven-game series is not significantly fairer. (By significantly fairer, we mean that there is at least a four percent greater probability of winning the sevengame series than winning the five-game series.) May approached the problem as follows: he let p be the probability that the better team would win a given game in the series, and treated each game equally as an independent event without regard to where the game was being played.
In this paper, we will examine the same problem while attempting to account for home-field advantage. From now on, p will represent the probability that the team with home-field advantage in the series will win a given home game. The probability that that team will win a given road game will be rp, where r, the road multiplier, will be discussed in Section 2. Each home game will be treated as an independent event, and each road game will be treated as an independent event.
Since May approached the problem from the point of view of the better team, he necessarily had p ∈ [0.5, 1]. In this paper, where we approach the problem from the point of view of the team with homefield advantage, that will still be the case most of the time-in the Division Series and League Championship Series, home-field advantage goes to the better team. However, in the World Series, this is not always the case. Home-field advantage in the World Series alternated between the American and National Leagues through 2002; since 2003, it has been given to the champion of the league which had won that year's All-Star Game. Still, in most cases, if a team is good enough to reach the World Series, then the probability that it will win a given home game is still likely to be at least 0.5, regardless of the opposition. Nevertheless, it is possible that p could be below 0.5, so we will only require p ∈ [0, 1]. Practically speaking, it seems unlikely that p would ever be below, say, 0.4, but we will not require that to be the case.
The Road Multiplier
As discussed in the Introduction, we will take the probability that the team with home-field advantage will win a given road game to be rp, where r is a fixed number which we will call the road multiplier. where RW , RL, HW , and HL, are the number of the team's road wins, road losses, home wins, and home losses, respectively, in that season.
Our value r will be the average of the road multipliers of the 96 teams which have made the playoffs in the wildcard era (1995) (1996) (1997) (1998) (1999) (2000) (2001) (2002) (2003) (2004) (2005) (2006) . This ends up giving us (to 9 decimal places) r = 0.894762228, that is, we will consider the team with home-field advantage to be about 89.5 percent as likely to win a given road game as they are to win a given home game.
We will not list the results for all 96 teams here. However, we will make a few comments. Of the 96 teams, 23 of them had road multipliers of 1 or higher (meaning that about a quarter of the teams did at least as well on the road as they did at home), while 12 of the teams had road multipliers of 0.75 or below. 12 of the 16 highest road multipliers belong to American League teams, while 11 of the 16 lowest road multipliers belong to National League teams. The road multipliers for the 12 World Series champions of the wildcard era, from highest to lowest, are as follows: Before comparing seven-game series and five-game series, we will first look at five-game series versus three-game series, as that case is a bit easier to dive right into. Throughout the next two sections, we will use the following notation: we will use capital letters (W and L) to denote games in which the team with home-field advantage wins and loses at home, and lowercase letters (w and l) to denote games in which that team wins and loses on the road. Thus, each instance of W will have probability p, each L will have probability 1 − p, each w will have probability rp, and each l will have probability 1 − rp.
3.1. Three-game series. There have never been three-game playoff series in baseball, except to break ties (most notably the playoff between the New York Giants and Brooklyn Dodgers following the 1951 season). However, if there were, they would likely be in one of two formats-either a 1-1-1 format (in which the team with home-field advantage plays games one and three at home, and game two on the road), or a 1-2 format (in which they play game one on the road and games two and three at home).
The scenarios for that team to win the series, in a 1-1-1 format, are as follows.
Scenario Probability
Adding these probabilities, we see that the total probability that the team with home-field advantage will win the series, in a 1-1-1 format, is (2r + 1)p 2 − 2rp 3 . The following are the corresponding scenarios if the series were played in a 1-2 format.
Again, the total probability of victory in this format is (2r + 1)p 2 − 2rp 3 . So, the probability that the team with home-field advantage will win a three-game series is the same in either format. (Prior to 1969, the playoffs consisted solely of the teams with the best records in each league meeting in the World Series.) Since 1985, the League Championship Series have been in a best-of-seven format. However, five-game series returned with the advent of the wildcard system; since 1995, each league has had two five-game Division Series, with the winners advancing to the seven-game League Championship Series.
Two formats for best-of-five series have been used over the years: a 2-3 format (in which the team with home-field advantage plays the first two games on the road and the final three games at home), and a 2-2-1 format (in which that team plays games one, two, and five at home, and games three and four on the road). We will examine each format separately; as with the two formats for three-game series, we will see that the probability that the team with home-field advantage will win the series is independent of the format.
First, we examine the scenarios in which the team with home-field advantage will win the series, if the series is in a 2-3 format.
Scenario
Probability wwW p(rp)
Summing these, we see that the total probability that the team with home-field advantage will win the series, in a 2-3 format, is (3r
Next, we look at the corresponding scenarios for a 2-2-1 format.
Again, if we add these, we see that the total probability of victory is (3r 2 + 6r + 1)p 3 − (9r 2 + 6r)p 4 + 6r 2 p 5 and so the probability that the team with home-field advantage will win a five-game series is the same in either format.
3.3. Comparing the two. To find the difference in probabilities in winning a five-game series and a three-game series, we just subtract the two: the probability of winning a five-game series, minus the probability of winning a three-game series, is the function
We will find the extreme values of f using the Extreme Value Theorem. The derivative of f is
keeping in mind that r = 0.894762228, the derivative is 0 for
p ≈ 0.756820873 and for a value of p between 1 and 2 (as can be verified using the Intermediate Value Theorem).
Checking the values of f at the critical points and the endpoints, we get
f (1) = 0 So, a five-game series is at most about 4.73% fairer than a three-game series, and at worst about 5.62% less fair. However, as mentioned in the Introduction, it is extremely unlikely that p would ever be as low as 0.294. If we look at the value of f at a more realistic lower bound for p, we get f (0.4) = −0.0431953192 and so a five-game series is about 4.32% less fair than a three-game series for that value of p. In summary, there does appear to be a significant difference between three-game and five-game series for certain values of p.
The value of p in [0, 1] for which f (p) = 0 is approximately 0.537783; for p less than that, three-game series are fairer (or, put another way, five-game series are fairer for the team without home-field advantage), while for p greater than that, five-game series are fairer.
Comparing Five-Game Series and Seven-Game Series
We are now ready to examine the question of interest to us, comparing a five-game series and a seven-game series. We have already shown that the probability that the team with home-field advantage will win a five-game series, regardless of format, is
The value of p in [0, 1] for which s(p) = 0 is approximately 0.533711; for p less than that, five-game series are fairer (i.e., seven-game series are fairer for the team without home-field advantage), while for p greater than that, seven-game series are fairer.
Further Questions
There are a few ways in which this model could be amended. First, instead of finding a fixed value of r for the road multiplier, we could keep r as a variable (with appropriate upper and lower bounds for r), and then treat the functions f and s as functions of two variables.
Another approach would be to account for morale. In [2] , S. Reske approaches the problem as May did in [1] -that is, with p representing the probability that the better team would win a given game, without regard to home-field advantage. However, if the better team has a lead in the series, then its probability of winning the next game would be p + a, while if it trails in the series, then its probability of winning the next game would be p − a, where a may be either positive or negative. The idea is that, if the team leads the series, its increase in morale (and subsequent decrease in the other team's morale) could actually make it more likely to win the next game, and vice versa if it trails the series. In that case, a > 0. The case a < 0 would correspond to what happens if the team leads the series but then gets overconfident, making it less likely to win the next game. With this approach, Reske again shows that there is no significant difference between a five-game series and a seven-game series. This could be easily adapted to account for homefield advantage, with the fixed value of r we used in this paper: if the team with home-field advantage leads the series, and the next game is at home, its probability of winning would be p + a, while if the next game were on the road, it would be r(p + a); similarly if the team with home-field advantage trails the series, its probability of winning the next game would be p − a if at home, and r(p − a) if on the road. This would again be a two-variable problem, with variables p and a. If we do not require r to be fixed, then it would become a three-variable problem.
A final approach could be one of cumulative morale. That is, if the team with home-field advantage leads the series by one game, then its probability of winning the next game would be p + a or r(p + a), if it leads the series by two games, its probability of winning the next game would be p + 2a or r(p + 2a), and so forth. The idea here would be that, the further ahead the team is, the greater its morale would get (if a > 0), or the more overconfident it would get (if a < 0).
